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Abstract. Wc introduce a new topology, weaker than the gap topology, on 
the space of selfadjoint operators affiliated to a semifinite von Neumann alge- 
bra. We define the real-valued spectral flow for a continuous path of selfadjoint 
Breuer-Fredholm operators in terms of a generalization of the winding num- 
ber. We compare our definition with Phillips' analytical definition and derive 
integral formulas for the spectral flow for certain paths of unbounded opera- 
tors with common domain, generalizing those of Carey-Phillips. Furthermore 
we prove the homotopy invariance of the real- valued index. As an example we 
consider invariant symmetric elliptic differential operators on Galois coverings. 



1. Introduction 

Index theory in von Neumann algebras was introduced by Breuer [Blj |B2j . One im- 
portant application is to the index theory of elliptic invariant differential operators 
on Galois coverings, whose foundations were laid with Atiyah's L 2 -index theorem 
[A] , In the last ten years much research has been devoted to the real- valued spec- 
tral flow in a semifinite von Neumann algebra, which generalizes the spectral flow 
introduced in [APS . It began with a topological definition of the real- valued spec- 
tral flow for loops of bounded selfadjoint Breuer-Fredholm operators due to Perera 
|Pel||Pe2] , Phillips presented an analytical definition P , which works for general 
continuous paths of bounded selfadjoint Breuer-Fredholm operators and which was 
used by Phillips and Carey-Phillips to prove integral formulas for the real-valued 
spectral flow [P] [CP2] [CP3] . We refer to jBCPRSWj for a survey on the analytic 
approach, on integral formulas, their applications and for further references. 

In parallel, new definitions of the (ordinary) spectral flow for paths of unbounded 
selfadjoint Fredholm operators have been given [BLP][W2] , The straightforward 
way is to define the spectral flow for unbounded operators as the spectral flow of 
the bounded transform. However, it is often difficult to decide whether or not the 
bounded transform of a given path depends continuously on the parameter. In 
[BLPj the spectral flow was defined for paths of unbounded selfadjoint Fredholm 
operators whose resolvents depend continuously on the parameter, or equivalently 
which are continuous in the gap topology. This definition was further generalized in 
|W2j . In both papers the spectral flow is expressed in terms of a winding number. 

Our first main result in this paper is a new definition of the real- valued spectral flow 
in terms of a real-valued winding number. The definition applies to paths (-D*)te[o,i] 
of unbounded selfadjoint Breuer-Fredholm operators, for which there is e > such 
that (j)(D t ) depends continuously on t for all </> £ C C (IR) with supp0 C [—£,£]■ Our 
method is to modify the approach of |W2] in order to make it work in a semifinite 
von Neumann algebra. The second main result is the proof of new integral formulas. 
In contrast to those of Carey-Phillips mentioned above we do not require the path 
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to be a bounded perturbation of a fixed selfadjoint operator but assume the domain 
of the operators to be fixed. For example our formulas apply to a path of invariant 
symmetric elliptic differential operators of positive order on a Galois covering. For 
the (ordinary) spectral flow related formulas were derived in |W3j . 

The paper is organized as follows: In S}2] we define and study a new topology on 
the space of selfadjoint unbounded operators affiliated to a semifinite von Neumann 
algebra. In <J3] we review the definition of the generalized winding number. In 2] 
we use it to define the real-valued spectral flow for a path of selfadjoint unbounded 
Breuer-Fredholm operators that is continuous in this new topology. In $5]we express 
the real-valued index in terms of the real-valued spectral flow. This will imply the 
homotopy invariance of the real- valued index. In we derive integral formulas for 
the spectral flow. In Sj7]we consider paths of invariant symmetric elliptic differential 
operators on a Galois covering. Here we make use of the theory of elliptic operators 
over C*-algebras, which was introduced by Mishchenko-Fomenko |MF] , 

In the following a family or path in a topological space need not be continuous. 
Projections are selfadjoint. 

Acknowledgements: The author would like to thank Alan Carey for pointing out to 
her the Laplace transform method on which the proof of Prop. 16.91 is based. 

2. A NEW TOPOLOGY ON THE SPACE OF SELFADJOINT AFFILIATED OPERATORS 

Let H be a Hilbert space. 

We fix a von Neumann algebra Af C B(H) endowed with a faithful normal semifi- 
nite trace r. By K(Af) we denote the norm-closed two-sided ideal generated by 
projections of finite trace and we write Q(Af) = N / 1 K(Af) and let 7r : Af — * Q(Af) 
be the projection. 

A closed densely defined operator D on H is affiliated to Af if and only if its bounded 
transform F D = D(l + D*D)~i is in Af. 

Breuer developed in |Blj |B2| an index theory in von Neumann algebras. See |PRi 
Appendix B] and [CPRS[ §3] for further generalizations and modifications as needed 
here. 

An operator D is called a Breuer-Fredholm operator (in Af) if it is closed, densely 
defined, affiliated to Af and if tt(Fd) S Q(Af) is invertible. The projection onto the 
kernel of a selfadjoint Breuer-Fredholm operator has finite trace. The index of a 
Brcucr-Frcdholm operator D is defined as 

indD = r(l {0} (D*D)) - r(l {0} (DD*)) . 

Here 1{ } denotes the characteristic function of {0} C JR. Furthermore we will 
write l>o for the characteristic function of the set {x > 0} C 1R. 

We denote the space of selfadjoint operators affiliated to Af by AS(Af) and the 
subspace of Breuer-Fredholm operators by ASF(Af). We write AS{Af) gap for the 
set AS(Af) endowed with the gap topology, which is the weakest topology such that 
the map 

AS(Af) — > Af, {D + i)- 1 

is continuous, and we write ASF(Af) gap for the set ASF(Af) with the subspace 
topology of AS(Af)ga P - 

The following well-known property of the gap topology is given here for further 
reference. 
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Lemma 2.1. The map 

C (IR) x AS(N) gap -> TV, (/, D) » f(D) 

is continuous. 

In particular the map 

C(B) xM^N, (f,F)^f(F) 

is continuous. 

Proof. The first statement follows from ||/(D)|| < sup^g^ \f(x)\ and the fact that 
the algebra generated by the functions (x ± i)^ 1 is dense in Co(lR). The second 
statement follows the continuity of the inclusion AT — > AS(Af) gap . □ 

Let cj> G C£°(1R) be an even function with supp</> = [—1,1] and with <p'(x) > for 
x G (-1,0) and define <f> n G C£°(]R) by <f> n {x) := <j>(nx) for n G 1N . For n G IN 
let ip n € C C (IR) be an odd function with values in [— 1, 1] and with ip n {x) — x for 
x e i~n> n] and su PPVVi C (--^zt, zzr) if ra > 1 and V> G C (1R) if n = 1. Let 
ipo(x) = x. 

For n G INo let 2l6„(yV) be the set AS(Af) endowed with the weakest topology 
such that the maps 

216„(A0 -> if(A0, D h-> (^„(£>) + i)" 1 ^ , 
216„(A0 -> K(N), D ^ (ip n (D) - i)~ x K , 
216„ (TV) — > TV, D^ct> n {D) 

are continuous for all /<" G K(N). 

Note that for n = the last condition is trivial. 

Compare this with the definition in [W2 : If JV = B(H) with the standard trace, 
where H is a separable Hilbert space, then the first two conditions are equivalent 
to the continuity of D i-> (ip„(D) ± for all x £ H. Hence & n (H) -> 216„(A0 

is continuous, with & n (H) as defined in [W2j . 

Lemma 2.2. for / G Co(IR) i/ie map 

2l6 (yV) x /sT(A0 -» ^(A0. (A#) ^ 

is continuous. 

Proof. If /(&) = (x ± the assertion follows from the definition of 216 o (A/") and 
from 

\\f{D)K - f{D')K'\\ 

= \\(f(D)-f(D')K + f(D')(K-K')\\ 

< \\(f(D) - f(D')K\\ + \\f(D')\\\\K - K'\\ . 

The general case follows from the previous one since K(M) is an ideal and since the 
algebra generated by the functions (x + i)^ 1 and [x — i)^ 1 is dense in Co(H). □ 

Lemma 2.3. Let n G IN. For f G C C (IR) with supp/ C (— ^) f/ie map 

2l6 n (A0 x X(/V) -» K(J\[), (D,K) ^ f{D)K 
is continuous. If f is even, then the map 

216„(AA)^AA, D^f(D) 

is continuous. 
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Proof. For any / G C C (IR) with supp/ C (— — , i) there is 5 G C C (IR) such that 
/ = (g o ifj n )(j) n . Furthermore 2l6 n (/V) — > 2l6o(AO, D 1— > ij) n (D) is continuous. 
Now the first assertion follows from the previous lemma. 

If / G C C (1R) is an even function with supp / C (— — , -), then there is g G C C (IR) 
such that / = g o <p n . Hence by Lemma [2~T1 the map 216„ — > A/", D^go 4> n {D) is 
continuous. □ 

It follows that the identity induces continuous maps 216 m (AO — > QL& n (Af) for 
?7i,7i G IN, 771 < 71. Let 216 (A/") be the set AS(Af) endowed with the direct limit 
topology. The previous lemma also implies that the definition of 216 (AO does not 
depend on the choice of the functions (f> and ip n . 

For 71 G IN we define 

ASF n (J\f) := {D G ASF(AT) \ <fi n (D) G K(N)} 

and denote by 2l6g„(A0 the set ^45F„ (A/ - ) endowed with the subspace topology of 
216„(A0. 

Furthermore we define 

ASK(M) := {D G AS(N) | (1 + D 2 )- 1 G if (AT)} C ASF (AT) 

and denote by 216^(AT) the set ASK(J\f) endowed with the subspace topology 
of AS{N) gap . If £> G ASK(AP), then the resolvents of D are in if(/V): From 
(1 + D 2 )^ 1 G if (A/) h follows that (1 + D 2 )- 1 ' 2 G if (AO, thus (L> ± i)" 1 G if (AO 
since (L> ± i)" 1 ^ + D 2 ) 1/2 G AT 

There is a continuous inclusion 216$(A0 - * 216^„(A/"). 

Let 2165(A/") be the inductive limit of the spaces 2163^ (AO- Since L> G AS" (A/ - ) is 
Breuer-Fredholm if and only if <p n (D) G if (AO for 71 big enough, the underlying set 
of m$(N) is ASF (AT). 

Lemma 2.4. (1) For f G C (IR) i/ie map 

216£(A0 — * if (AO, D^f(D) 

is continuous. 

(2) Lei 71 G IN. For / G C (1R) witfi supp / C (-■ i, i/ie map 
2l6£ n (A0 -> if (AO, £> /(D) 

zs continuous. 



Proof. (1) Since the algebra generated by the functions (x±i) -1 is dense in Co(lR), 
we have that f(D) in if (AO if (D ± G if (AO- The continuity follows from 
Lemma 12.11 

(2) For 71 > there is G C C (H) with supp g C (— ^, ^) such that / = g<fi n . Since 
2163^ (/V) — > if (AT), £> 1— > <fin(D) is continuous, the assertion follows from the 
previous lemma. □ 

Definition 2.5. (1) A normalizing function for 216^(A/") is an odd non- 
decreasing function \ G C(H) with lim^^oo x[ x ) — 1 an d X _1 (0) = {0}- 
(2) A normalizing function for 2163^ (AO is an odd non- decreasing function 
X G C(TR) such that lim^^oo x( x ) = 1, furthermore x _1 (0) — {0} an d 
supp(x 2 -l) C (-£,£). 



SPECTRAL FLOW AND WINDING NUMBER IN VON NEUMANN ALGEBRAS 



5 



If X is a normalizing function for %l&M.(J\f), then 

216£(A0 -> K(AT), D i-> x(£>) 2 - 1 

is well-defined and continuous by the previous corollary. More generally, for any 
/ G C([-l, 1]) with /(-l) = /(l) = 1 we have that /o X -lg C (H), hence 

216^(^) -> K(Af), D i ► /(*(£>)) - 1 

is continuous. The analogous statements for 21©5„(A/') also hold. 

Let B be a compact space. If (Db)b£B is a continuous family in 2lS3t7V), then we 
say that x is a normalizing function for (Db)beB if x is a normalizing function for 
%l&$ n (J\f) with n such that (Db)beB is a continuous family in %L&$ n (Af). Here we 
allow n = by setting 216% CAT) = 2L6£(A0- 

The topological spaces we introduced above have similar properties as the spaces 
defined in W2J: If / : IR , — > 1R is an odd non-decreasing continuous function with 
/-!(0) = 0, then / : 21S(7V) -> 2L6(W) can be shown, by using Lemma0 to be 
continuous. 

Furthermore if (Db)b&B is a continuous family in QL&$(J\f) and {Ub)b£B is a family 
of unitaries in M such that (UbK)b£B is continuous for each K E K(J\f), then 
(UbDbU^)beB is a continuous family in %L&$(J\f). 

Sometimes we have to vary the function. Then the argument will be similar to 
the following. If /o, /i are odd non-decreasing continuous function with (0) = 
0, i = 0, 1 and if we set f t = (1 - <)/ + tfi for t e (0, 1), then for D e ASF{N) 

[0,1] ->216£(A0, t^f t (D) 

is continuous: For n large enough we have that ip n (D) € K(N) and for 5 S C C (IR) 
with support small enough we have that g(ft(tp n (D))) = g(f t (D)). By Lemma |2~T1 
the operator g(f t ip n {D)) depends continuously on t. Hence for m big <j> m {ft{D)) 
and (ip m (ft(D)) ± z)" 1 depend continuously on £. 

Compare the following proposition with [W2, Prop. 1.7]. The proof here is analo- 
gous. It is given for completeness. 

Proposition 2.6. (1) The identity induces a continuous map from AS (J\f) gap 

to 2te(A0. 

(2) The set ASF(J\f) is open in 21© (TV). 

(3) The identity induces a homeomorphism from 21G(7V) PI ASF(J\f) to 
Proof. (1) follows from Lemma |2~T1 

(2) Let D e ASF n (J\f) and let x be a normalizing function for 2l6g , n (7V). Then 
x(Do) 2 is invertiblc in Q(JV). Since 

2ie n (AT) ->Af, Dt-> X (D) 2 - 1 

is continuous by Lemma [2~3l the map 2t6„(7V) — * Q(Af), D 1— > x(-D) 2 is continuous 
as well. Hence there is an open neighbourhood U of Dq in Ql& n (J\f) such that x(-D) 2 
is invertible in Q{M) for all D eU. This implies that U C ASF(Af). 

(3) is clear. □ 

The previous constructions generalize to (not necessarily selfadjoint) affiliated op- 
erators as follows: 

We fix the trace Trgir on the semifinite von Neumann algebra M n (AT) — M„(C) <g> 
N. 
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We denote by A (Af) the space of closed densely denned operators affiliated to Af, 
which we consider as a subspace of AS (M2(Af)) via the map 



G : A(Af) — > AS(M 2 (Af)), D i 



D* 
D 



Furthermore AF(Af) means the subspace of Breuer-Fredholm operators: Wc 
write AF n (AP) := AF(Af) n AS F n (M 2 (Af)) . Let %$ n (Af) resp. W$(AT) be the 
space AF n (Af) resp. AF{Kf) with the subspace topology of %l&3 n (M 2 (Af)) resp. 
216S(M 2 (A0). 

We say that x is a normalizing function for %l3 n (Af) if x is a normalizing function 
for 2t6S„(M 2 (A0) and then define X (D), X (D*) £ Af for D € W$ n W by 

X (D*) 
X(D) 



X(G{D)) 



Remark. In the following we point out one crucial difference between the situation 
considered here and the special case Af = B(H) for a separable Hilbert space H, 
which was studied in [W2j . In the case Af = B(H) we have that K(Af) = K(H). 
If {Tb)beB is a uniformly bounded family in B(H), then the map 

B -> K(H), b^T b K 

is continuous for all K £ K(H) if and only if 

B -> H, b^T b x 

is continuous for all x £ H. Hence if B is compact and (Df,)beB is a continuous 
family in %6 {B(H)), then for / S C(IR) the map 

B — > K(H), f{D h )K 

is continuous for all if £ K(H). The last statement does not generalize to an 
arbitrary semifinite von Neumann algebra Af. (By Lemma 12.21 it generalizes if we 
assume that / £ Co(IR).) The standard proof, see for example |W2( Prop. 1.1], 
does not work here since an element D £ AS(Af) is not necessarily densely defined 
as an operator on the Banach space K(Af). Differently put, (D + i)^ 1 K(Af) need 
not be dense in K(Af). This will be demonstrated in the first part of the following 
example. In the second part we construct a continuous family (D^jbeB in 2lSo(A/") 
and give a K £ K(Af) such that B -> K(Af), b h-> D b (l + D^'^K £ K (Af) is 
not continuous. 

The example: 

Let Af = L°°(IR) act on H — L 2 (JR) by multiplication. Define the trace r(/) = 
J^ oo f(x)dxforfeL oc (SR)f]L 1 (WC). Take g(x) = ^ + 1. Clearly g £ AS (L°° (JR)) . 
Since L°°(IR) n L 1 (H) is dense in K(Af), the set ^(L^IR) n ^(JR)) is dense in 
the domain of g as an operator on K(Af). It is a subset of L°°(1R) n L 1 (H), which 
is not dense with respect to the L°°-norm, hence g is not densely defined as an 
operator on K(Af). 

Let B = INUjoo} be the one point compactification of IN C IR. For n £ IN we 
define g n £ L°°(IR) as follows: We set 

k if \x\ > i and |ar| t}^, ^] for fc £ IN 
-k if |cc| > i and \x\ £]^, ^j-] for fc £ IN 
n for |x| e]0, i] 
else. 



ffn(a;) 



We define as the pointwisc limit of the functions g n . Then the function (g n + 
i)^ 1 converges in L°°(1R) to (^oo + i)^ 1 for n — * oo, hence the family (g n )neB is 
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continuous in %& (Af), even in AS(Af) gap - However for f(x) = x(l + x 2 ) 1 / 2 and 
l[-i,i] G K(Af) the function (/ o g n )\-i,i\ does not converge to (/ o 3oo)l[-i.i] m 
L°°(JR) forn-*oo. 

3. Real-valued winding number 

The definition of the winding number and its properties, which we discuss in this 
section, are well-known at least in closely related contexts. The winding number 
is discussed for Banach algebras with trace in |HS( §1] and appears also in [Cl 
Appendix §4]. We give the proofs for completeness. 

We write I 1 (AT) for the ideal of operators A G Af such that r(|A|) < oo. Endowed 
with the norm \\A\\i := ||A|| + t(|-/1|) it is a Banach space (see |CP1| Prop. A.l]) 
and it holds 

II^TIK^IISIIII^IKIITII 

for S, T e Af and A e ^{Af). Moreover I 1 (AT) is dense in AT (AO- 

As mentioned before, the projection onto the kernel of a selfadjoint Brcuer-Frcdholm 
operator is in ^(Af). This implies that any projection P E K(Af) is in ^(Af) since 
the operator (1 — P) is Breuer-Fredholm by tt(1 — P) = tt(1) e Q(Af). We will need 
this fact later on. 

Let G1(AT) C Af be the group of invertible elements and let 

Gl K (Af) = {1 + K e G\(Af) | K e K(Af)} ■ 
Furthermore M(Af) C Af denotes the unitary group and 

U K {Af) := U{Af) n G\k{AT) . 
We endow these groups with the subspace topology. 
We define for s : [a, b] -> G\ K {Af) with s-le C\[a, b],l\Af)) 

1 f b 

w(s) := — / r(s(x) _ V(a;)) dx £ H . 

2m J a 

ForC/eGW(AA)n(l + ; 1 (AA)) 

w(sU) = w(Us) = w(s) 

and for U € Gl(N) 

wiU-KsU) = w(s) . 
The following lemma is used to prove homotopy invariance of w. 

Lemma 3.1. Ifh : [a,b]x[c,d] -> G\ K (Af) such that h-1 E C 1 {[a,b]x[c,d],l 1 (Af)), 
then 

w(h(-, c)) + w(h(b, •)) - w(h(a, •)) - w(h{-, d)) = . 

Proof. We can subdivide the rectangle [a, b] x [c, d] into smaller rectangles and add 
up the contributions of the pieces without changing the value of the left hand side. 
Therefore and by compactness it is enough to prove the assertion for h such that 
mC 1 ([a,b]x[c,d],l 1 (Af)) 

\\h-h(a,a)\\ c i < H/iM" 1 !!" 1 . 
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We set g(x,y) = h(x,y)h(a, a) . It is enough to show the assertion for g. Since 
\\g- l|| c i < 1 in C^Qa,^ x [c,d],l 1 (Af)), the logarithm f(x,y) = log(g(x,y)) is 
well-defined in C 1 ^, b] x [c, d], I 1 (AT))- We have that 



Similar equations hold for the other three terms. Inserting them implies the claim. 



We consider a function on S 1 as a function on [0, 1] whose endpoints coincide. We 
denote by ■ki(Uk{.N')) the free first homotopy group of Uk(N)- 

Proposition 3.2. The winding number extends to a homomorphism 

Proof. Since C 1 (S 1 ,l 1 (Af)) is dense in C(S\ K (TV)), for any loop s in U K (Af) there 
is a loop s homotopic to s in G1r-(./V) such that 1 — s <E C 1 (S 1 , 1 1 (Af)) . We define 
w(s) :— w(s). This is well-defined: If there is a homotopy in GIk (A/ - ) between two 
loops si and §2 with §i — 1 € C 1 (S' 1 , 1 (AT)), i = 1,2, then there is a homotopy ft. 
between §i and s 2 in G\ K (Af) with /i-leC'fS'x [0, 1], ^(TV)). By the previous 
lemma u>(si) = w(.S2). □ 

The definition of the winding number extends to matrices in a straightforward 
way. The integral formula holds also for s with (s — 1) G Cp W (S 1 , Z 1 (A/')). Here 
Cp TO (S' 1 , ^(Af)) C C(S 1 ,l 1 (Af)) denotes the space of continuous piecewise differen- 
tiable functions with piecewise continuous derivative. 

We sketch a more abstract way via iC-theory of defining the winding number. 

First we note that I (Af) is closed under holomorphic functional calculus in K(Af): 
If T e I 1 (AT), A e C and C e C + 1T(JV) are such that (A + T)C = 1, then 
C = \- 1 (l-TC) e<D + l 1 (Af)- 

Since furthermore Z 1 (A/') is dense in K(Af), we have that K*(K(Af)) = K„(l 1 (Af)). 
Hence the trace induces a homomorphism r : Ko(K(Af)) — > IR. Furthermore there 
is a homomorphism 



where the third map is defined by mapping Ki(K(Af)) to zero and the last map is 
given by Bott periodicity. It can be checked that the composition of this map with 
r agrees with w. 

The motivation for introducing the concreter definition of the real-valued winding 
number in terms of the integral formula is that it can be used to derive new integral 
formulas for the spectral flow, see ^SJ (See also |W3j for the case Af = B(H) for a 
separable Hilbert space H.) 




— (r(f(b,c))-T(f(a,c))) . 



a 



TTl(U K (Af)) 



K x (C(S\K(Af))) 

Kx(K(Af)) ® #i(Cq((0, 1), K(Af))) 

K 1 (C o ((0,l),K(Af)))^K (K(Af)) , 
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4. Real- valued spectral flow 

Before defining the real-valued spectral flow in terms of the winding number we 
review Phillips' analytic definition of the real- valued spectral flow in a semifinitc 
von Neumann algebra, which we call analytic spectral flow, denoted by sf a , for 
the moment. It applies to any path (-Dt)te [0,1] m ASF(AT) such that the bounded 
transform Fo t depends continuously on t. Let Pt l>o(D t ). Recall the projection 
7T : TV -> Q(JV). If h(P s ) ~ 7r(P t )|| < \ for all s,t £ [0, 1], then 

sf a ((A) te[ o,i]) :=ind(P P!) . 

This is well-defined since P0P1 is Breuer-Fredholm in PoTVPi. The general case can 
be reduced to this case by cutting the path into small enough pieces and adding 
up the contributions of the pieces. This works since 7r(P*) depends continuously 
on t: Let \ be a normalizing function of the path (D t )te[o,i]- Then 7r(P t ) = 
Tr(^(x{D t ) + 1)). Continuity of the bounded transform implies that x(-Dt) depends 
continuously on t, hence also 7r(P t ). 

Definition 4.1. Let (-Dt)tg[o,i] be a continuous path in %&$(J\f) with invertible 
endpoints. Let \ £ C(IR) be a normalizing function of (-Dt)tg[o,i] such that x(Dq) 
and x{Di) are involutions. Then we define 

Bf((A) t6[ o,i]) : = w((^ (x(Dt)+1) ) ie[0 ,i]) e IR . 

The right hand side is well defined since e^^^^+l) g C{S 1 ,Uk{J^)) by the remark 
after Def. 12.51 The homotopy invariance of the winding number implies that 
the definition does not depend on the choice of the normalizing function: For 
two normalizing functions Xo>Xi the interpolation \s = s\i + (1 — s )xo is also 
a normalizing function and e m ( x *( Dt '~*' 1 > depends continuous on s and t. 

In a similar way the spectral flow can be defined in a C*- algebraic setting as studied 
in M . Instead of operators affiliated to a von Neumann algebra one would have to 
consider regular unbounded multipliers on the ideal that plays the role of K(Af). 
Note that elements of AS(J\f) may fail to be regular as unbounded multipliers on 
K(Af) since they need not be densely defined (see the Remark at the end of Sj2j - 

Some properties are in order: 

• If each D t has a bounded inverse, then sf((I?t)te[o,i]) = : 

There is e > such that (— e, e) is a subset of the resolvent set of D t 
for all t € [0,1]. Hence for a normalizing function \ of (-Dt)tG[o,il with 
supp(x 2 - 1) C (-£,£) we have that e Mx(D t )+i) = L Xmls 

™((e" WD ' )+1) ) t£[ o,i]) = . 

• Let (Ut)te[o,i] be a path of unitaries in AT such that [0, 1] — > K(Af), t 
UtK is continuous for each K £ K(M). Then 

sf(([/ t AC/ t *) te [o,i])= sf ((A) te[ o,i]) : 

Since 

[0, 1] x S 1 -> U K {M), (s,t) i ► U st e^ D ^U: t 

is continuous, homotopy invariance of the winding number implies that 

w((U t e™M D *Wu:) tmi] ) = w((U e^ D ^UZ) tmi] ) 

= W ((e^ D ^) tmi] ) . 
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• The spectral flow is homotopy invariant: If (-D s t)( s ,t)e[o,i]x[o,i] is a con- 
tinuous family in %l&$(Af) and D s0 ,D s i are invertible for each s € [0,1], 
then 

sf((A)t)te[o,i]) = sf((£>i t ) te[0 ,i]) . 

The definition of the real-valued spectral flow generalizes to paths with not neces- 
sarily invertible endpoints as follows: 

If for example D is not invertible, then let e G (0, 1) be such that Q = l[_ e , e ] (-Do) G 
K{M). Since Do + Q is invertible, we can define 

sf((A) te[ o,i]) := sf((A + (1 - t)Q )* 6 [o,i]) - sf°((D + (1 - *)Qo)te[o,i]) ■ 
The definition in the case where D\ is not invertible resp. Dq,D\ are both not 
invertible is similar. 

By using reparametrisation the spectral flow can be defined also for compact inter- 
vals different from [0, 1]. It is additive with respect to concatenation of paths. 

The following technical lemma is needed in the proof of the subsequent proposition. 

Lemma 4.2. If F g N is a bounded selfadjoint operator such that tt(F 2 ) = 1 g 
Q{M), then F + A is a Breuer-Fredholm operator for any selfadjoint A g J\f with 
\\n(A)\\ < 1. 

Furthermore for \\ir(A)\\ < \ 

Kl>o(F + A))-7r(l>o(F))|| <2|K(A)|| . 

Proof. Since the spectrum of ir(F) is a subset of {—1,1} and ||7r(A)|| < 1, the 
spectrum of tt(F + A) does not contain zero. This proves the first assertion. 

Now let T = {|A — 1| = 1} C C with counterclockwise orientation. Then 

||7r(l>o(F + A))-7r(l> (F))|| 

< II ^~ jWF + A) - A)- 1 - (tt(F) - A)- 1 dA|| 

= 11 £ L {<F +A) ~ X )~ 1 ^ A )^ F ) - a)- 1 dAn 

< ^ll^)H J r \\«F + A)-\)-i\\ \\(n(F)-\)-i\\d\ 

< 2\WA)\\ . 

□ 

Proposition 4.3. Let (D*)te[o,i] ^ e a P a th i n ASF{M) such that (-F!D t )te[o,i] * s a 
continuous path in N ' . 

Then 

Bf°((I>t)t6[0,l])=sf((A) t6 [0,l]) • 

Proof. Without loss of generality (by cutting the path into small enough pieces) 
we may assume that ||7r(Po) — ""(-ft)!! < JE ^ or au * e 1] where P t = l>o(D t ). 
Furthermore it is enough to consider the case where Do,D\ are invertible. Define 
B t := (1 - t)(2P - 1) + i(2Pi - 1). Then P, = 1MB,), i = 0,l. Since 

HttCS* - So)!! = lk(2*(-Pi - -Po))|| < I , 

by the lemma 

||7r(l>o(B t ))-7r(Po)||< \- 
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Thus for all s, t e [0, 1] 

||7r(l> (B s ))-7r(l> (B t ))ll 

< ||7r(l> (B s )) -rr(P )\\ + ||7r(P )-7r(l>o(S t ))|| 
1 

< 2 

By the definition of the analytic spectral flow 

sf ((A) te [o,i]) = md(PoPi) = sf a ((P t ) te[ o,i]) ■ 

Let x be a normalizing function of (Dt)te[o,i] ■ The map 

[0, 1] x [0, 1] - 216£(A0, (*, t) - (1 - a)D t + s X {D t ) 
is continuous, hence by homotopy invariance 

sf((A) te[ o,i]) = sf((x(A)t 6 [o,i]) ■ 
By the previous lemma the map 

[0, 1] x [0, 1] -► a©ff(A0, (*, t) -f (1 - s)x(-Dt) + sBt 
is well-defined since 

(1 - s)x(A) + sB t = x (D t ) + s(B t ~ x (D t )) 

and 

||7r(B t - x(D t ))\\ < \\n(B t - B )\\ + \\tt(2P - 1) - 7r(2P t - 1)|| < 1 . 
Furthermore it is continuous. 
Again by homotopy invariance this implies that 

sf((x(A)) te[ o,i])=sf((B t ) te[ o,i]) ■ 

We will use an idea of [BCPRSW, §5], where the spectral flow of a path between 
involutions is discussed, in order to show that 

sf((S t ) te[ o,i])=sf a ((P t ) te [o,i]) ■ 
Then the assertion follows. 

In the following the (analytic) spectral flow will sometimes be taken in subalgebras 
of TV without change of notation. The operator B t is invertible for t ^ i. Choose 
r > such that P := l[ . r ](P^ 2 ) € ^(Af). This is possible since By 2 is a selfadjoint 
Breuer-Fredholm operator. Since B^ 2 B t — B t Bf^ 2 for all t <G [0, 1], we have that 
[P, B t ] = 0. Hence B t = (1 - P)P t (l - P) + PB t P. It is clear that sf a and sf are 
additive with respect to direct sums. Since (1 — P)B t (l — P) is invertible for any 
t G [0,1], the contribution of (1 - P)W(1 - P) to sP((P t ) te[oa] ) resp. sf ((B t )te[o,i]) 
vanishes. We calculate the contribution of the finite von Neumann algebra PAfP: 
By [BCPRSWI §5.1] 

sf°((PB t P) t6[0jl] ) = \r{PB x P - PB P) = i J r(j t PB t P) . 

By the integral formula for the winding number 

sf((PP t P) te[04] ) = if^wlwD)* 

Z7T2 Jq OX 



\fr l i PB ' p)it 



12 



CHARLOTTE WAHL 



The last equality can be proven for example by slightly modifying the proof of |D1[ 
§1.6.11 Lemma 3], which uses Cauchy formula. It also follows fromr the results in 

m 

This shows the assertion. 

An alternative proof of the last part would be to consider the limit r — > 0; compare 
with the proof of Prop. 15.11 □ 

5. Real- valued spectral flow and index 

The real- valued spectral flow and the real-valued index are related as follows: 
Proposition 5.1. Let D e AF(Af). Then 

sf (f t ~J i D l+ ) ) = md(D) . 

Proof. Let 



D i - t 

2 / te[o,i] 



A 



t- | D* 
D \-t 



From 



D 



{t-\y + D*D 

{t~W + DD* 



it follows that D t is invertible for t ^ |. We define the Breuer-Fredholm operator 

B t := DtlDol- 1 . 

Since Dq = D\, the operators Bq and B\ are involutions. By Dt = (1 — t)Do + tD\ 
we have that 

B t = {l-t)B + tB 1 . 
Furthermore (s, t) i— * s-D* (1 + (1 — s)i? t is a homotopy in 2l63t7V) between 

(-Bt)te[o,il an d the bounded transform of (-Dt)tg[o,i]- Thus 

sf((A) fe[0 T]) = sf(( J B t ) tG [o,i]) • 
The following argumentation is essentially as in BCPRSW, proof of Prop. 5.3]; 
compare also with the proof of Prop. 14.31 

There is ro > such that for all < r < ro 

P r := l [0 , r] (B 2 1/2 ) E l\Af) . 

Furthermore [P r ,B t ] — 0. Since P r converges strongly to Pq for r —> 0, the trace 
r(P r ) converges to t(Pq). Let r G (0,r ). The spectral flow of (B t )te[o,i] in A/" equals 
the sum of the spectral flow of ((1 — P r )B t (l — Pr))te[o,i] m (1 — P r )A/"(l — P r ), 
the spectral flow of ((P r - P )B t (P r - Po))te[o,i] in [P r - Po)M{P r ~ P ) and the 
spectral flow of (PoB t Po)te[o,i] m PqNPq- The contribution of (1 - P r )Af(l - P r ) 
vanishes since (1 — P r )Bt(l — P r ) is invertible for all t £ [0,1]. 

From 

sf((P r - P )B t (P r - Po))tE[o,i]) = \r{{Pr - Pq)(B 1 - B Q )(P r - P )) 
(see the formula at the end of the proof of Prop. 14. 3|) . it follows that 

| sf((P r - Po)Bt(P r - Po))te[o,i])\ < r{P r - P ) ■ 
Hence the contribution of (P r — Po)J\f(P r — Pq) converges to zero for r — > oo. 
Furthermore 

Ran P = Ker D 2 1/2 = Ker D © Ker D* 
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and with respect to this decomposition 

P B t P = (t- §)ffi (i-t) . 
Hence si{{P B t P ) tmi] ) = md(D). □ 
Proposition 5.2. The index 

ind : 21S(W) -> IR 

is homotopy invariant. 



Proof. If (-Dt)te[o,i] is a continuous path in 2t5(A0, then 



[0,1] x [0,l]^2t6S(Af 2 (A0), («,«) 



is continuous. Now the assertion follows from the previous proposition and the 
homotopy invariance of the spectral flow. □ 

6. Integral formulas 

In this section we derive integral formulas for the spectral flow in the spirit of those 
proven in [CP2J[CP3J. For simplicity we restrict to paths with invertible endpoints. 
Formulas for paths whose endpoints are not both invertible can then be obtained 
by using the definition of the spectral flow in SJU 

We begin by studying how a path of operators (Ft)t£[o,i] m N with ||Ft|| < 1 and 
such that (t i-> F t K) e C 1 ([0, 1], ^{Af)) for K G I 1 (J/) behaves under functional 
calculus. 

Since, as an operator on I 1 (AT), the derivative j^Ft is the strong limit of the bounded 
operators j^(F t +h — F t ) for h — ► 0, it is a bounded operator on ^(Af). 

Lemma 6.1. Let (Ft)te[o,i\ be a path of selfadjoint operators in AT with \\F t \\ < 1 
for all t £ [0, 1] and such that (t h-> F t K) £ C^QO, l],l 1 (Af)) for all K £ l l (AT). 

Let g he a holomorphic function defined on a neighbourhood of [—1, 1]. Then for all 

Kel\Af) 

^ J (WeC 1 ([0,l],( 1 M) 

and 

f t 9(Ft)K = -Jg(\)(F t - \)-\±F t )(F t - X)^ 1 K d\ , 

where T is a closed curve in the domain of g, not intersecting [—1,1] and with 
winding number 1 with respect to the origin. 

Proof. By 

{{F t+h - A)" 1 - (F t ~ M)" 1 )^ = -(Ft+h - Xy^Ft+h - F t - X + n){F t - , 
the function 

(CXt-MDxtcij-^CAO, (X,t)^(F t -X)- 1 K 

is continuous. Hence Cauchy formula implies that (t t-^ g(F t )K) £ C([0, 1], / 1 (A/')). 
The assertion on the derivative follows from Cauchy formula and 

j t (F t - \y 1 K = [F t X)-\j t F t ){F t - X)~ X K . 

□ 
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Proposition 6.2. Let (-Ft)t£ro,ii be a path of self adjoint operators inM with \\F t \\ < 
1 for all t e [0, 1] and such that (t h-> F t K) G a x ([0, 1], ^{N)) for all K G l l {N). 
Let g G C C 2 (B). 

Then for all K G f^Af) 

(t^^FO^G^dO,!],^!^)) 

and 

W = |°° jf 1 iAg(A)e^ 1_ ^ Airt (|jr t )e^if d\ , 
where g £ L X (IR) is defined via Fourier transform such that 

/CO 
g (\y x * dX . 
-oo 

The integral converges in ^(Af). 

Proof. Since the Fourier transform maps C^(IR) to L 1 (IR), it holds that Xg(X) G 
L X (]R). 

We have that 

/■oo 

<?(F t ) = / g(Xy XF * dX . 



By the previous lemma 

(t^e lXFt K) G C^flCl^CAO) 
for any K G I 1 (AT). The expression depends also continuously on A. Hence (t 
g(F t )K)eC([0,l}JHAf)). 

Let G s := sF i+/l + (1 - s)F t . We have that 



e iAF t+h _ e i\F t _ I ^J\G 



^-e tv ' ,1s 

ds 



iX / / e^- u ^(F t+h - F t )e iuXG " ds du . 



Thus for K G / 1 (A / ") 



^e lAFt if = lim i( e ^+'> -e lAF *)^ 



lim T r e i(1 - tt)AO -(i ; i + /, - F t )e iuXG s K ds du 

zA f e ^-^(^F t )e iuXF *K 
Jo dt 



du . 

□ 

Lemma 6.3. Lei (-Ft)te[o,i] ^ e a path of selfadjoint operators in M with \\F t \\ < 1 
for all t G [0,1] and such that (t h-> F t K) G (^([0, 1], Z x (A0) /or a// K G ^(Af), 
furthermore such that (t h- > (1 — i*) 2 )) G C ([0, 1], / (A/ - )). Lf f is a holomorphic 
function defined on a neighbourhood of [—1, 1] with /(— 1) = /(l) = 0, i/ien (f i— » 
/(F t ))GC 1 ([0,l],; 1 (A^)). 

Proof. We apply Lemma 16. II The function g(z) = f(z)/(z 2 — 1) is holomorphic on 
the domain of /. Hence f(F t ) = g{F t ){F? - 1) G C([0, 1], I 1 (AT)) and 



j f f{Ft) = (j t 9(FtMF? - l)+g(F t )j t (F? - 1) e C([0, lJ.i^AO) 



□ 
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In the following let x G G 2 (IR) be an odd function such that x(l) = 1 and x'(0) > 
and such that xl[-i,i] is non-decreasing. Note that x( ( x i+i)i/2 ) i s a normalizing 
function for 216£(A0- 

In the proof of the theorem we will use that if D G ASK(Af), then </>(£)) G ^(AO 
for all <fi £ C C (IR). This can be seen as follows: Let n £ IN be such that supp</> C 
[—n, n] and let if) G C C (H) be such that Vl[-7i,n] = 1- Since ip(D) £ K(J\f) (this 
is a special case of Lemma |2~4"]) . also lr_ njn i(D) = h_ nn i(D)i/)(D) G K{J\f), thus 
1[-„,„](I>) e i 1 ^). Hence cf>(D) = \ { _ nM {D)$(p) G l x {M). 

Theorem 6.4. Let (-Ft)te[o,i] be a path of self adjoint Breuer-Fredholm operators in 
J\f such that F t is the bounded transform of an element of ASK{M) for each t G 
[0,1]. Assume that (t i-> F t K) G C^flO, 1], ^(Af)) for all K G ^(Af), furthermore 
that (t x '(F t )) G ^([O,!],/ 1 ^)) and ftat (t ^ (x(*t) 2 - 1)) G ^([0, l],/ 1 ^))- 
LetFo,Fi be invertible. 



The 



ii 



sf((^) t6[ o,i]) = ^ / r((|^)x'(F t )) dt 



'dt 

ir(2Pi - 1 - X (Fi)) - \r{2P a - 1 - X {F )) , 



where P, = l> (Fj). 



Proo/. Since (2P< - 1) - X (F<) = ((2P - 1) + xCF))- 1 ^ - x(F) 2 ) G J 1 (.AO, the 
last two terms on the right hand side are well-defined. 

The operators G t := (1 - t)(2P - 1) + tx(F ) and H t := (1 - *)x(Fi) + t(2P x - 1) 
are invertible for each t G [0, 1], hence 

sf((G t ) te[ o,i]) =sf((ff t )te[o,i]) =0 • 

From 

G t 2 -1 = ((2P -l)+<(x(Po)-(2P -l))) 2 -l 

= i 2 (x(^o) - (2Po - l)) 2 + 2i(2P - l){x(F ) - (2P - 1)) 

we see that (t h-> (G 2 - 1)) G ^([0, 1], Analogously {t h-> (ff t 2 - 1)) G 
C\[0MI\M)). 

Define (Q t ) te[ _ 1)2] by Q t := X (F t ) for i G [0, 1] and Q t := G t +i for t G [-1,0] and 
Qt := i?t-i for t G [1,2]. Then Q-I1Q2 are involutions. 

By the previous lemma (t i-> ( e ™(Q t +i) _ 1)) e C^([-l, 2],l 1 (M)). 

Set 

L= — f 1 r( e -^ +1 ^e^ G ^) dt+ — C r ( e -*<<*«+l> A e **(**+l)) dt . 
2iri J y dt ' 2ni J y dt ' 

The definition of the spectral flow and the integral formula for the winding number 
imply that 

sf((P t ) te[ o,i]) = sf((Q t ) te[ _ li2] ) 

= — C T ( e -™(x(F t ) + l)fL e ^( X (F t ) + l) ) dt + L 

2-ki J dt 
We calculate the first term in the last line. 

Let (</> ra )ngiN be an increasing sequence of smooth functions from [—1, 1] to [0, 1] with 
4>{x) — 1 for x £ [— 1 + ~ , 1 — l\ and <j>(x) = for \x\ > 1 - ±. Then {<f> n {F t )) n ^ is 
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uniformly bounded and converges strongly to the identity for n — > oo. Furthermore 
4>n(Ft) € ^(N) for t G [0, 1]. (Here is where we need the assumption that F t is the 
bounded transform of a selfadjoint operator with resolvents in K (Af).) 

With / := e "(x +1 ' - 1 

r(e — (x(F t ) + i)d {Ft))= Hm T{e -, Wt)+ i) { d F F 

dt n^oo dt 



We use Lemma [672] and get 
,d_ 
dt 



T{e -Mx(F t )+i) { d f{Ft))(/)n{Ft)) 



/oo pi J 
/ a/(A)e mAFt (-F t )e l(1 - u)AFt 0„(F t ) du d\) 

= r{{j t F t )f{F t )e-^ F ^4> n {F t )) 

= i nr((^F t ) X '(F t )UFt)) 
In the limit n->oowe obtain that 

T{e -«i(x(F t)+ i)d_ fm = m T{{ d_ Ft)xl(Ft)) 

rf((*i)«=[o,i]) - L =\[ T ((j t F t)x'(F t )) dt . 
Ve have that 

— trie-™ {G t +i)d MGt+1)) d = 1 r 1 ( d 
27riJ v df ; 2 7 v dt ' 

= -i T ((2P -l)-x(Fo)) . 

Analogously 

2^ /' r(e-' ri ^ +1 )|e«^+ 1 )) = ir((2P x - 1) - . 

Thus 

L = \t{$Pi - 1) - - 5t((2P - 1) - x(F )) ■ 



Hence 



We evaluate L: We have that 



□ 



In the following we derive a variation of the above theorem for paths of unbounded 
operators with common domain. Such a situation arises naturally in geometric 
examples (see $7|). 

For a closed operator D on H we denote by H(D) the Hilbert space whose under- 
lying vector space is dom D and whose scalar product is given by 

(x,y) D := (x,y) + (Dx, Dy) . 

By B(H(D), H) we mean the space of bounded operators from H(D) to H endowed 
with the operator norm. 

Let (D t )te[o,i] be a path of operators in ASF(N) with common domain. 

If (t i ► D t ) G C([0, 1],B(H(D ),H)), then by L, Prop. 2.2] the bounded transform 
F t = D t {l + D\ )~ 1 / 2 depends continuously on t. However it is not clear to the 
author whether or not (t i-> D t ) G ^([0, 1],B(H(D ), H)) implies that (t i-> F t ) € 
^([O, 1],JV), or at least (t i-> F t isT) G C 1 ([0, l],l 1 (jV)) for if G Therefore 
we will modify the previous theorem. 
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Before doing so we discuss some technical points, which will be used in the following 
without further notice. 

If D, D' G AS(Af) and A € B(H(D),H), then A(l + D 2 )- 1 ' 2 E TV. This holds 
since f n (D')D'(l + D 2 )~i E Af converges strongly to A(l + A)" 1 / 2 , if /„ is 
defined as f n (x) := /(f) for some / E C C (JR) with /|[_i,i] = 1. 

In particular \(D t+h - A) (A + A)" 1 € Af for h > and A ^ IR if (t i-> A) € 
C* 1 ([0,1],B(F(A),^))- It follows that 

(l^CA + A)-^^. 

Furthermore (f h-> (A - A)" 1 ) E C x ([0, 1], B(H, H(D ))) for A £ IR and 

| (A - A)" 1 = -(A - A)- 1 (|a)(A - A)- 1 . 

We denote by Z 1 (Ai) the Banach space (A + O^HAO with norm ||T|| A -, = ||(A + 
i)T||i. Then the map (A) + «) : ' (A) - * ^(A/") and its inverse are continuous. 

In the statement of the following theorem x is as defined before Theorem 16.41 

Theorem 6.5. Let (A)te[o,il be a path of operators in ASK(Af) with com- 
mon domain such that (t i-> A) € (^([O, 1], B(H(D ), H)). Let F t := D t (l + 
D 2 )- 1 ' 2 . Assume that (t i-» xTO) € C([0, 1], Z 1 (D )) and (t ^ (x(F t f - 1)) € 
C x ([0, l],/ 1 ^)) nC([0, ly^A))- Furthermore letF a ,Fi be mvertible. 

Then 

rf((A) t6[ o,i]) = \f T ^J t Ft)}(!{Ft))dt 

+ ^t(2Pl - 1 - - ir(2P - 1 - x(A)) , 

wftere = l> {F t ). 

Proof. First we adapt Lemma l6~T| Prop. 16.21 and Lemma l6~3l to the present situa- 
tion. 

Let g E C(M). From (t h-> F t ) E C([0, l],Af) it follows that (t h-> g (F t )) g 
C([0, 1], A/"). Since (A + i)(Do + as we U as its inverse depend continuously on 
t in Af, we have that 

(A + i)9(F t )(D + i)- 1 = (D + i)(D t + i)- 1 g(F t )(D t + t)(A> + z)" 1 

depends continuously on i as well, hence for K E I 1 (Do) 

(t^g(F t )K)EC([0,l}J 1 (Do)) . 

For K E I 1 (D ) 

F t K = - / (A 2 + 1 + y?Y Y D t K dX . 
7T Jo 

Using 

(A 2 + 1 + A 2 )" 1 = (A + iv / TTA2)- 1 (A - z^l + A 2 )- 1 

we get that 

±F t K = - r(D 2 + l + X 2 )-^D t K dX 
at 7r Jq rfr 

o /*oo J 

- - / (A 2 + 1 + AT^-rrAXA - Wl + X 2 )- l D t K dX 
7T Jo dt 

r°° rl 

- - / (A + zv / l + A 2 )- 1 (-A)(A 2 + 1 + A 3 )" 1 A* A . 
7T Jo dt 
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The integral converges in I 1 (AT). Hence for K G I 1 (Do) 

(t^F t K) G ^([O,!],* 1 ^)) . 

The proof of Lemma 16.11 modifies showing that for any holomorphic function g 
defined in a neighbourhood of [—1, 1] and any K £ I 1 (Do) 

(t^g(F t )K)eC 1 ([0,l}J 1 (U)) . 

By adapting the proof of Prop. 16.21 one obtains that for any g S C^(IR) and 
K e l\D ) 

(t ~ g(F t )K) G C 1 ([0,1], I 1 (AO) 
and that the formula for the derivative from Prop. 16.21 holds in this situation. 

The function (e w ^ 2+1 ) — l)/(z 2 — 1) extends to an entire function g. Hence 

e™ (x(Ft)+1) - 1 = 9(x(F t ))(x(Ft) 2 - 1) € ^([0, 1],^) • 

Using these modifications the proof of the theorem proceeds as the proof of the 
previous theorem. □ 

For the ordinary spectral flow a similar formula was derived in |W3j . 

In the following we derive generalizations of some of the integral formulas proven 
by Carey-Phillips [CP2J[CP3J for bounded perturbations of a fixed operator. Wc 
use their method of relating integral formulas for a path of unbounded operators 
to integral formulas for the path of bounded transforms. 

Lemma 6.6. Let f be a holomorphic function defined on {x + iy \ (x, y) G IRx] — 
e, e[} C C for some e > and assume that there are C, c > such that 

l/Wl^l + IAI)— 1 . 

Let (-Dt)tg[o,i] be a pith of operators in AS(M) with common domain such that 
(t i ► D t ) G C 1 ([Q,1],B(H(D Q ),H)). LetT = (M- §z)U (H+fi), where we endow 
TR — |i with the standard orientation and TR + |i with the reversed orientation. 
Then (t h-> f(D t )) S ^([0, 1],M) and 

= I /(A)(A - X)-\±D t )(D t - A)- ,A . 

Proof. The assertion follows from Cauchy formula 

f(Dt) = f f(X)(D t - A)- 1 dX . 

□ 

Proposition 6.7. Let (-Dt)te[o,i] ^ e a path of operators in ASK(Af) with common 
domain such that (t i— > D t ) G C 1 ([0, 1], B(H(Dq), H)). We assume that there 
is 5 G (0,1/2) such that e~ SD t G l l (N) for all t G [0,1] and C > such that 
\\ e ~ SD *\\i < C / or a ^ ^ G [0, 1] . Furthermore let Dq,Di be invertible and set 
Pi = 1> (A). 

Let F t = A(l + A 2 )~ 1/2 - 

Lei XeW = £ Jo^l-Z/ 2 )"^-^ witt C = ^(i-^)-! e d-i^) dy = j£ 
TTien 

sf((A) te[ o,i]) = ^=J q r((j t D t )e~ D ?)dt 

+ \r(2P 1 - 1 - xe(^i)) - \t(2P - 1 - Xe(F )) . 
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Proof. Let (1 — e) > 28. First we show that 

(t He -(i-^) eC i([ 0i i]/(^)) . 

Lemma MM implies that (i i-> e~ sD t) G (^([O, 1],W) for s > 0. We have that 

e -(l-e)D t 2 +h _ e -(l-e)D t 2 = er SD 2 t+h ^ e -{l-e-S)D 2 t+h _ e -(l-e-S)D^ 

+ ( e -SD? +h ^ e -8DZ )e -(l-e-8)DZ 

Since Ije^" 5 - * ||i is uniformly bounded, the limit of the right hand side is zero for 
h — > 0, thus 

(t^e~^ D ') G C([0, l],/ 1 ^)) . 

Using this it also follows that the limit for h — > of the right hand side divided by 
/i exists. Thus 

(me-f 1 -^) G CHtO, 1],^(-A^)) • 
Now let x € Cc(-R-) be a function that equals Xe hi a neighbourhood of [—1, 1]. 
We have that 1 - F? = (1 + D 2 )- 1 / 2 , hence 

(1 - F 2 )- 3 / 2 e (1 " T ^? ) = (1 + D 2 t ) 3 / 2 e~ D ' . 
From {t i ► (L>o +«)(! + D 2 t fl 2 e- eD *) G C*([0, 1],7V) it follows that (i ^ x'(-Ff)) G 

The function f/K^) := (1 — XW ) e 3 i-*' 2 \ defined on (—1, 1), extends to 
an element in C 2 (IR). Thus, by the modification of Prop. 16.21 formulated in the 
proof of the previous theorem, for K G I 1 {Do) 

(t»1>(F t )K) GC7([0,l],Z 1 p ))nC 1 ([0,l],; 1 (AA)) . 

From 

{l- X {F t f)=rp{F t )e-^W 

it follows that 

(t » (i - x (F t ) 2 )) g C([o, l], i x (A>)) n ^([o, l], i x (A0) • 

Hence we can apply the previous theorem and get 

Bf((A) te[ o,i]) = ^ j\{{j t F t ){l + Dlfl 2 e- D ^)dt 

+ ir(2Pi - 1 - - ir(2P - 1 - x(F Q )) . 

The equality 

r((|F t )(l + A 2 ) 3/2 e^ 2 ) = ^((|A)e- D ?) 

can be shown in a straightforward way as follows: One expresses the right hand 
side of 

(|*i)(l + D?) 3 / 2 ^? = |(F t (l + D\f'\^) F t |((l + D 2 ) 3 / 2 ^?) 

in terms of Z) t and Jj-Dt by applying Lemma IB31 and then one uses the cyclicity of 
the trace. □ 

In the following lemma we give a different expression for the contributions from the 
endpoints, which will be needed in the proof of the subsequent proposition. 
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Lemma 6.8. Let D G ASK(Af) be invertible and let x G C 1 (H) be a normalizing 
function for D suchx{F>) 2 — \ € ^{Af) and such that (t t— » x'(VtD)) is an integrable 
function in C([0,oo),l 1 (D)). TTien wrat/i P = l>o(-D) 

r(2P - 1 - X (D)) = -J r 1 / 2 T(D X '(ViD)) dt . 

Proof. The right hand side of the equation is well-defined since (2P — 1) — x(-D) = 
((2P - 1) + xm-Hl - X{D) 2 ) € IHW- 
For x ^ 

sign(a;) - x(a;) = - J r 1/2 xx\Vtx) dt . 

This proves that 2P - 1 - x(-D) = § t- 1 / 2 D X ' {\TtD) dt. The assertion follows 
since the integral converges in I 1 (AT). □ 

For invertible D such that e - ' 1 ^- £ ^(-AT) for some £ > the truncated 77- 
invariant (see |CP3|, §8]) is defined by 

1 r°° 

m (D) = -^ t-^ 2 T(De- tD2 ) dt . 
V 71 " Ji 

The previous lemma applied to xi x ) — Xe(x(l + x 2 )^ 1 / 2 ) shows that 

r(2P - 1 - X e(F D )) = m (D) . 

We define for p > 1 the ideal 

l p (Af) = {AeAf\ \A\ P e l\Af)} 

with norm \\A\\ p = t^A^) 1 ^ + \\A\\. For A e P{Af) and S,T e Af 

\\SAT\\ p < \\S\\ \\A\\ p \\T\\ . 

We refer to [D2] for proofs of these facts. By |CP1( Prop. A.l] the space / P (W) is 
a Banach space. 

Proposition 6.9. Let (D t )te[o.i] be a path of operators in ASK(Af) with common 
domain such that (t 1— > D t ) € C 1 ([0, 1], B(H(D<j), H)). Furthermore assume that 
Dq, D\ are invertible and set Pi — l>o(-D). We also assume that there is p € [1, 00) 
such that (1 + D 2 )-p/ 2 e I 1 (AT). 

We write F t := D t (D + D 2 )- 1 / 2 . 

Define Xp (x) = ± f*(l - y 2 )^ 2 )/ 2 dy with C p = £(1 - y 2 )^/ 2 dy. 
Then 

rf((A) t6[ o,i]) = ^/ lr ((l^)( 1 + A 2 )- (p+1)/2 )^ 

+ ^(2Pi - 1 - X P (Fi)) - \t(2P - 1 - Xp(Fo)) ■ 

Proof. We use the method of |CP3|, §9] . Some of the following arguments can be 
found there in more detail. 

First we prove that r(2P; — 1 — Xp{Fi)) is well-defined: Using L'Hospital rule it can 
be checked that (xp(x) 2 — 1)(1 — x 2 )~ p / 2 extends to a bounded continuous function 
on [-1,1], hence (x P (F l ) 2 -l)(l-Pf )^ /2 € TV. From (1 -F 2 fl 2 = (l + D 2 )^ 2 G 
I 1 (AT) it follows that (x P (Fi) 2 - 1) e l l (Af). 
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Since (D t ± i)^ 1 (D + i) depends continuously on t in TV and (D + i)^ 1 6 l p (Af) 
we have that (D t ± depends continuously on t in l p (Af) and hence that r((l + 
Dl)~ p / 2 ) depends continuously on t. By 

e -sDl = e ~sD* t{l + £,2jp/2 (1 + £,2j-p/2 _ 

for s > fixed e _sI) * is uniformly bounded in t as an element in ^(Af). Thus for 
s > by Cor. KT71 

sf((A)t S [0,l]) =sf((v^A) te[ ) l]) = \[l £ T «J t Dt)e ~ SD ' ] dt ■ 

Using 

/•CO 

/ fl (P-2)/a e - ds = r(|) , 
Jo 

where T denotes the Gamma-function, we get that 

... + l,(p-»/a e -(in(V5JJi) - md/iiW) * . 

We study the right hand side: 
For g > i 

/ s«(l + ^2)i/2 e -(i+^ 2 ) ds = T ( q + i)(i + Dl)-i-y* , 
Jo 

where the integral converges in the operator norm. Let q > Since s 9 (l + 

) 1 / 2 e _s ( 1+ - D t ) is positive and in Z 1 (A/") for s € (0, oo) and since the right hand 
side is in Z 1 (A/") , the integral converges also in ^(Af). Hence 

S 9 e -^(i+s t 2 )) e L 1 (M+,/ 1 (D )) • 
Using Fubini theorem we can also conclude that 

((«,*) s 9 r((l + A 2 ) 1/2 e _5(1+D?) )) e x [0,1]) . 

By 

|r((|A)e-( 1+D ?))| < ||(|a)(1 + A 2 )- 1/2 || r((l+A 2 )V3 e -^?)) 
this implies that 

( M ) i ^ S 9 r((^A)e" s(1+D ' 2) ) € x [0,1]) . 

Thus 

r(f)vWo L T[[ dt t)e )dtds 

- I [ t((—DA [°° a (p- 1 )/ 2 e -< 1+D *h ds) dt 

= I^L f r((|A)(l + Dt)-^/ 2 )dt . 

Now consider the contributions of the cndpoints. Let i = 0, 1. 
Since Dj is invertible, 

((M) i — * s^/V^Ae"^^) e £ i (]R + x [i )0O yi(^)) . 



22 



CHARLOTTE WAHL 



We evaluate 

1 



2F(|) Jo 



,(p-2)/2_-« 



T]i(y/sDi) d,S 



/00 S (f- 1 5/2 t -l/2 r ( Ae -.(l+tl3?) :) ^ 



2r(§)VW A 
= ^y^/ r^i + ii?)-^)*. 

Now we apply the previous lemma to the normalizing function x( x ) '■— Xpi x 0- + 

x 2)-l/2) of £>_ g ince x /^) = + a .2)-(p+X)/2 ) the last lme equals 

P 1 2 ' 1 t-^r(D t x'(VlD t )) dt = ^ p \ 2) r(2 Pl - 1 - Xp (F t )) . 



The assertion follows from 

r(f)V5F 



r(£±i) 



^Cp-aya^.^-i/a da . = 2 C P 

where the first equality follows from the properties of the Beta-function and the 
last equality is obtained from the change of variable x — (1 — y 2 ). □ 



7. L 2 -INDEX THEORY 



In this section we will show that the integral formulas of Prop. 16.71 and Prop. 
16.91 apply to paths of invariant symmetric elliptic differential operators on a Galois 
covering. The proofs rely on the theory of regular operators on Hilbert C*-modules 
for which we refer to |Laj and the theory of pseudodiffercntial operators over C*- 
algebras, which was developed in |MFj . Most of the material assembled in this 
section is well-known at least to experts. 

Lemma 7.1. Let A,B be C* -algebras and Hi resp. H2 a Hilbert A-module resp. 
Hilbert B-module. Let p : A — > BiH^) be a C* -homomorphism and let D\ be a 
regular self adjoint operator on H\ . 

(1) There is an induced regular selfadjoint operator D on Hi £g) p H2 such that 
the homomorphism p« : B{H\) — ► B(Hi <g> p H2), T 1— >• T ® 1 maps /(-Di) 
to f(D) for all f € C(1R) for which linL^oo f(x) and linxr^-oo f(x) exist. 

(2) Let S be a core of D±. Then the span of the set {x <g> y S Hi <g) p H2 \ x € 
S, y <G H2} is a core of D, and D acts on it by D{x ®y) — {D\x) ® y. 

(3) Denote by H(D{) the Hilbert A-module whose underlying A-module is 
domDi and whose A-valued scalar product is given by 

(x,y) Dl := (x,y) + {Dix,D x y) . 

Define analogously H(D). 

The map H(D\) ® p H2 — » H(D) that maps x eg) y, x £ S,y € H2 to 
x ® y £ dom£> ; is an isomorphism. 

Proof. As usual let F Dl = D^l+D 2 )-?. Since Ran(l-FgJ = Ran^l+D?)" 1 ) is 
dense in Hi, the range of — F|, ) is dense in Hi £g> p H2- By [Lai Theorem 10.4] 
it follows that p*(Frj 1 ) is the bounded transform of a regular selfadjoint operator 
D on Hi (g) p H 2 . This shows (1). 

Since D\ and D are regular, the operators (Z?i + i) <g> 1 : H(Di) £g) p H2 — > Hi <g) p H2 
and D + i : H(D) — ► iJi <g) p H2 are isomorphisms. The isomorphism U := (D + 
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<g> 1 + i) : H(Di) ® p H 2 — ► H(D) is given by v <g> w h-> u ® w. Hence (3) 

follows. 

The operator Di£g)l+i is determined by its action on the set {x®y \ x E S, y £ -f^}- 
By (D + i) = (D\ <£) 1 + i)C/ _1 and since f preserves this set, the operator D is also 
determined on this set. □ 

Let M be a closed Riemannian manifold and let p : M — > M be a Galois covering 
of M with deck transformation group T. The manifold M inherits an invariant 
Riemannian metric from M. Let E be a hermitian vector bundle on M and let 
E = p* E be endowed with the invariant hermitian structure induced by E. We 
identify E with its dual. 

In the following we recall the construction of the correspondence of invariant differ- 
ential operators on C^°(M, E) and differential operators on C°°(M, E&P\ where V 
is the Mishchcnko-Fomenko vector bundle. More details on the following discussion 
can be found, for example, in jWTl §3] and [ESI §E.3]. 

Let C*r be the reduced group C*-algebra. Recall that V is the C*r- vector bundle 
M Xr C;r and let V a i g = M x r CT. The right T-action R on E induces a right 
T-action 

T x C™(M,E) -» C™(M,E), (g,s) -> 
with (i2*_,s)(a0 := ^(s^s" 1 )). 
Furthermore there are a left and a right T-action 

r x c°°(m, £;®cr) -> c°°{m,e® cr) : 

The left T-action is given by 
and the right T-action by 

The invariant subspace C°°(M,E ® Cr) r with respect to the left T-action is iso- 
morphic to C°°{M 1 E ® Vaig)- The isomorphism is T-equi variant with respect to 
the right T-action. Moreover the map 

C?(M,E) - C°°(M,E® Cr) r , s ~ 

per 

is a T-equivariant isomorphism. Hence there is a T-equivariant isomorphism 

C™(M,E)&C°°{M,E®V a i g ) . 

Let D : C^°(M,E) — > C^°(M,E) be an invariant symmetric elliptic differential 
operator. We denote its closure as an unbounded operator on L 2 (M,E) by £) as 
well. Via the previous isomorphism the operator D induces an elliptic symmetric 
differential operator V : C°° (M, E ® V a i g ) -> C°°(M, £ ® V alg ). Its closure on the 
Hilbert C*r-module L 2 (M, E®V), denoted by V as well, is a regular selfadjoint 
operator. We define p : C*Y — > f?(Z 2 (r)) to be the inclusion. By applying the 
previous lemma we get a selfadjoint operator D' = T> ® 1 on the Hilbert space 
L 2 (M, E®V)® P l 2 (T). 

The T-equivariant isomorphism 

C°° (M, £ ® Vaig) ®cr Cr £* (M, £ g> 7> Q , g ) £* Cf (M, E) 
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extends to a T-equivariant isometry 

L 2 (M,E(g>V) ® p l 2 (T) = L 2 (M,E) , 
which intertwines D with D'. 

By the previous lemma, one can use information on T> in order to gain knowledge 
about D (see also |PS, Prop. E.6]). 

Proposition 7.2. Let (D t )t£[o,i] be a path of invariant selfadjoint elliptic differ- 
ential operators of order k > on L 2 (M,E) with coefficients that are of class 
C 1 in t. We have that domD t — dom Do for all t G [0,1] and (t > D t ) £ 
C 1 ([0,l},B(H(D ) 7 H))forH^L 2 (M,E). 

Proof. Let (2?t)te [o,i] be the corresponding family of elliptic differential operators 
on L 2 (M, E ® V). The coefficients of T> t are of class C 1 in t as well. Furthermore 
H(D ) equals the A:-th Sobolev space H k {M,E ®V). Hence 

(t^V t ) e C 1 ([0,1},B(H(V ),L 2 (M,E®V))) . 

By the first statement of the previous lemma this implies that 

(t i * D t ) E C x ([0, 1], B(H(V ) ® p Z 2 (r), L 2 (M, E))) . 

Since H(Dq) <g> p i 2 (r) can be identified with H(Dq) by the third statement of the 
previous lemma, this implies the assertion. □ 

In the following let (Dj) t6 r 0j ii be as in the statement of the proposition. 

We denote by TV the von Neumann algebra of L-equivariant operators in 
B(L 2 (M, E)). Since D t commutes with the T-action, it is affiliated to N '. 

Recall that the vector bundle E Kl E on M x M has fiber (E M E) [x _ y) = E x ®E y . 

We consider V as isometrically embedded into M x (C*T) n . 

Let trr : E x <X> E x <g> M n (C*T) — > C be the trace induced by the trace 

C*T -> C, J^s g g i ► s e 

and the standard trace on E x ® E x ® M n ((D). 
Let 

K : C(M x M, (E®E)<g> M n {C* r Y)) -> B(L 2 {M, E <g> (C;L)")) 
be the map that associates to an integral kernel the corresponding integral operator. 
The homomorphism p induces 

p, : B{L 2 {M, E ® (C;r) n )) -> M := B(L 2 (M, E) <g> Z 2 (r)") r . 
We have that N <Z M. 
The trace r is defined by 



T(p*K(k)) = / trrfc(a;,a;) , 

where if(fc) = K{k 1 )K(k 2 ) with fc l5 fc 2 G C(M x M, (.E K E) <g> M„(C*r)). 

It extends to a semifinite normal faithful trace on M. , which restricts to a semifinitc 
normal faithful trace on M . (This well-known fact can be shown by using the 
concept of Hilbert algebras, see |D1[ §1.5] and |D1[ §1.6.2].) 

There is an induced continuous map 

p«oK : C(M x M, (EME)® M n (C*T)) -> l 2 (M) . 
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Furthermore the map maps ordinary trace class operators on L 2 (M, E n ) tensored 
with the identity on M n (C*T) to ^(M). 

Proposition 7.3. For pk > dimM 

(1 + D 2 )^ 2 el^Af) . 

Proof. Let P : M x (C*T) n — > V be the orthogonal projection. Choose an 
elliptic symmetric pseudodiffercntial operator R of order k on C°° (M, E) . By 
tensoring with the identity on (C*T) n it defines a continuous operator from 

l 2 (m, e <g> (c;r)™) to i/ fc p(M, e <g> (c;r) n ). Set 

T := (p(l + I?2)-p/2p + (l - p)(i + i? 2 )-p/ 2 (l - P)) (1 + i? 2 )P/ 2 . 

Since T is a pseudodifferential operator of order zero, the operator p*(T) is an 
element in M. Furthermore (1 + R 2 )~ p / 2 is a trace class operator on L 2 (M,E), 
hence its image under p* is in l 1 (A4). It follows that the image of 

PT(1 + R 2 )- p ' 2 P = (1 + V 2 )- p ' 2 

under p* is in I 1 (AT). □ 
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